Abstract. The scope of the paper is the analysis of the convergence classes of different permutations of N. In this paper we prove that with any divergent permutation p it could be associated a family 2)(p) of divergent permutations having the power of the continuum and such that the convergence class of p is a proper subset of the convergence class of q for every q G 33 (p). Also, the convergence classes of the countable families of divergent permutations are discussed here.
Introduction
Let us denote by the family of all permutations of N. Given a permutation p G ^3 its convergence class, denoted by ^(p), is defined to be the family of all convergent series Y1 a n of real terms such that the series ^ a p ( n ) is also convergent.
We say that two permutations p,q G are incomparable if the following conditions hold true: £(P) \ £(<?) 0 and A permutation p G is called a divergent permutation if there exists a conditionally convergent series a n of real terms such that the series a p ( n ) is divergent. The family of all divergent permutations is denoted by 2). We say that p is a convergent permutation if p € £ := ^3 \ Thus p G ^3 is a convergent permutation if for every conditionally convergent series ^ a n of real terms the series ^ a p ( n ) is also convergent.
We introduce the notation AB for the subset of ^3 defined by the following relation:
p G AB if and only if p G A and p -1 G B for every A,B€ {£,2)}. We note that all these families AB are nonempty.
In this paper we prove that with any divergent permutation p it could be associated a family 2>(p) of divergent permutations having the power of the continuum and such that JZCp) a P ro P er subset of XX?) f°r every q £ 2)(p). Moreover, it may be assumed that any two different elements of 2)(p) are incomparable and, additionally, that 2)(p) is a subset of one of the following three sets: either 2)<£ or 2)2) or il whenever p also belongs to this set. For the definition of the family fi we refer to the Section 5. Moreover, an example of the permutations p,q £ 2) such that there is no divergent permutation a with the property 5>) U C J>)
is presented in Section 4.
Notations and terminology Let A and B be infinite subsets of N. By D(A,B) and by €(A,B)
we denote two subsets of defined as follows: A is a convergent permutation}, where (f>A is the increasing bijection of N onto A, p | A is the restriction to the A of p, and ips is the increasing bijection of B onto N. To simplify the notation, we write p £ il(A) instead of p E il(A,p(A)) where It £ {£, 2)} and A is an infinite subset of N. We observe that il(N, N) = il for every il £ {£,2)}. Let B be a nonempty subset of N. Then a subset I of B is said to be an interval of B either if I = 0 or when it can be expressed in the form I = B fl {n, n + 1,..., n + m -1} for some n, m £ N. For abbreviation, we write "7 is an interval" instead of "I is an interval of N". Only intervals of the subsets of N are discussed in this paper. We will use the symbols [n, m], [n,m), (n, m] and (n, m) with n,m £ N, n < m, to denote the intervals {n, n + 1,..., m}, {n, n + 1,..., m -1}, {n + 1, n + 2,..., m} and {n + 1, n + 2,..., m -1} respectively.
D( J 4,B) = {p£iP: p(A) = B and the composition I^B ° (p ° 4>A is a divergent permutation}, and

&(A, B) = {p P : p(A) = B and the composition ips o (p | A) o <p
We say A C N is a union of n (or at least n or at most n) mutually separated intervals (abbrev.: MSIs) if there exists a family 3 of nonempty intervals with (J 3 = A, card 3 = n (or card 3 > n or card 3 < n, resp.) and such that dist(/, J) > 2 for any two different members I and J of J.
We say that two sequences {xi : i = 1,2,..., n} and {yi : i = 1,2,..., n} of positive integers are spliced when they are both one-one, have no common values and satisfy one of the following conditions: either x p(i) < V q (i) < x P (i+1) < y q (n) for every ¿ = 1,2, ...,n-l, or V q (i) < x p {i) < Vq(i+1) < x p {n) for every i = l,2,...,n-l.
Here p and q denote the permutations of the set {1,2,..., n} chosen in such a way that the sequences {x p^ : i = 1,2,..., n} and {y q (i) '• i = 1,2,..., n} are both increasing. In other words, two finite sequences x and y are spliced if they have the same cardinality, are both one-one, have no common values and if the increasing sequence in which the elements of x and y alternate could be created from all elements of the sequences x and y.
A family S of increasing sequences of positive integers having the power of the continuum is said to be a Sierpinski's family if any two different members {a n } and {b n } oi S are almost disjoint. This means that the sets of values of the sequences {a n } and {b n } have only a finite number of common elements.
We use the symbol c(p\A), where p € € and A is a nonempty subset of N, to denote the following positive integer: For abbreviation, we write c(p) instead of c(p \ N) for every p G <£. We will denote inclusion by C. The use of the sign c will be reserved for cases when the subset is proper.
We shall write K < L for any two subsets K and L of N whenever K = 0 or K and L are nonempty and k < I for any k £ K and / € L.
In this paper we will often identify a given sequence with its set of values. Moreover, we will consider only series a n of real terms.
Countable families of divergent permutations
In this section we consider some basic properties of convergence classes of a given countable families of divergent permutations. First we remark that the convergence class of any divergent permutation is wide in the meaning that the intersection of any countable family of the convergence classes of divergent permutations is nonempty. This is expressed in the following theorem, which is taken from [8] . 
Proof. Let for every n G M, s" and an be the increasing mappings of N onto the sets p~l (A) and q~1(A), respectively, and let 6 be the increasing mapping of A onto N. Then, by the hypothesis, the permutation <pn defined by <pn = Sqnan is divergent for each n € N. Hence, by Theorem 3.1, there exists a oo conditionally convergent series ^ bn such that all series of the form £ k=l oo n G N, are divergent. Then the series £ ^ G N, are certainly k=l convergent because all permutation tpn := Spnsn, n £ N, are convergent.
Let {a(n)} be the increasing sequence of all members of the set A. We define a new series £ dn by setting da(n) = bn for every n € N and dn = 0 for the remaining indices n € N.
It can be readily checked that the series £ dn and any of its pn -rearoo rangements i.e. the series £ n 6 ^ are convergent. This follows k=1 immediately from the relation
which holds for every nonempty interval I, where
oo On the other hand, all series of the form £ ^<jn(fc)' n e N, are diverfc=i gent. This assertion follows from the following relation which holds for every nonempty interval J: which, by the hypothesis, implies the desired inclusion.
• REMARK 3.8. There exists the possibility of replacing the weak inequality sign by the equality sign in the assertion of Lemma 3.7. Indeed, assume that there exists a positive integer t such that for any interval I there exists a family of pairwise disjoint subintervals h,l2, • • • ,Ik °f I with k < t satisfying the following two conditions:
(1) any interval ij, i = 1,..., k, is simultaneously a subset of some set Aj with j =j(i) <E {1,... ,n},
The following example shows that the inclusion in the assertion of Lemma 3.7 could be made strictly for every positive integer n. Here we consider only the case n = 2; the generalization to any n € N is rather straightforward (and will be omitted here). Pli^n + 2i -lj = < I a n + 2(i -n -1) fori = n + l,n + 2,..., 2 n, Pi(a n + 2i) = a n + 2n + i fori = 0,1,..., 2n -1, p2(on + 2i) = 2n + p\(a n + 2i + l) fori = 0,1,..., 2n -1, and P2{an + 2« -1) = a n + i -1 for i = 1,2,... ,2n, for every positive integer n, where a n = 2n(n -1) + 1. Moreover, set Ai = (J {a n + 2i -1 : ¿ = 1,2,..., 2n} and A2 = N \ A\. Then the hypotheses neN of Lemma 3.7 are satisfied, which implies the following inclusion:
where a(k) := Pi(k) for k e A{, i = 1,2.
Now define bk = < -n _1 for k = a n + 2¿ and for k = a n + 2n + 2i + 1 where i = 0,1,..., n -1, n -1 for k = a n + 2¿ -1 and for k = a n + 2n + 2(¿ -1) where i = 1,2,..., n,
for n G N. It is clear that the series Y2 bk is convergent. Furthermore, a noncomplicated verification shows that
for any subinterval I of the interval [a", an+i ) and for every n G N. From the above relations we deduce that the series ^ bpi(n) and ^ frP2(n) are both divergent but, however, the series b<r(n) i s convergent. Accordingly, by (3.1), we get which is our claim.
Extending of convergence classes
The convergence class of any divergent permutation can be extended to the convergence class of some other divergent permutation. What is more, for any divergent permutation p there exists a family D (p) of pairwise incomparable divergent permutations having the continuum cardinality and such that the convergence class of any permutation q £®(p) is bigger than the convergence class of p. This is the main result of this section.
We begin with three auxiliary lemmas. First lemma is well known and comes from P. Erdos, the two other ones come from paper [10] . 
Then we have £(<?) \ £(p) ^ 0.
Proof. Put f r" 1 forn G xf 1} , ~ \ -r" 1 for n G xf 2) , for every r G N. For the remaining indices n G N we set a n = 0. Obviously, by the assumptions (1) and (2), the series ^ a n is convergent. By the condition (3) the following two relations hold true for every r G N: case when IQ -0 we define % as the empty function. Let S denote a Sierpinski's family of increasing sequences of positive integers. With each sequence s G S, s = {s(n)}, we associate some permutation q s acting as follows:
for n G i = 0,1,..., 2s(r) and r G N. For the remaining positive integers n we set q 8 
(n) = p(n).
Put for every r G N. Immediately from the definitions of the permutations qs and qt it follows that the series ^aqs(n) and Y^bqt,n) are both convergent. At the same time, from (4.6) and (4.7) we get that the series ^ a qt(n) and bqsln) are both divergent. This means that the permutations qs and qt are incomparable, and hence the proof is completed.
• REMARK 4.6. If p G 2)2) then we may assume that for every r G N there exists an interval I such that
zll^iup-HiXz^ and the set p~1(I)
is a union of at least r MSIs. Then from the definition of qs, we see that each permutation qs, s G 5, belongs to 252). Thus 2)(p) C 2)2). for i = 1, 2,..., r. Next is defined to be the increasing mapping of the
interval -J.2l onto the interval ^r-i+i' every i -1,2,..., r. Take s,t G S, s ^ t, s = (s(n)}, t = {i(n)}. Then it can be easily concluded that ^¿(^(IJP^W))) and 9t€2)(9t-1 (|J P( S -(n))))> neN n€N and 9sG2)(^1(|Jp(St(n)))) and fteífft^lJPÍSíw)))-n€N Proof. Suppose, contrary to our claim, that there exists a permutation a <E £> such that £(p) U ¿(<?) C £)(<r).
Since p G £(p _1 (E)) and q G <£(g _1 (0)), from Corollary 3.5 we get a G £(ct -1 (E)) and a £ C(cr _1 (0)). The following positive integer k is therefore well defined:
Now we choose a sequence {Jn} of intervals such that for every n G N Since the set J n n<r _1 (E) is an interval of the set <r _1 (E) it follows from the definition of k that the set a(J n ) fl E is a union of at most k MSIs of E. On the other hand, if a subset I of the set a(J n ) fl E is simultaneously an interval of E and we have I n ^ 0 and I fl L^ ^ 0 for some indices i,j G N such that i < j < v n , then K^ C Q for every index s such that Lf 1^ < K^ < The two last remarks and the conditions (4.12) and 
The family ft
We denote by 0 the family of all divergent permutations p for which there exist an increasing sequence {I n (p)} of intervals and a positive integer k(p) with the following properties:
(i) V -\l n {p))<p-\l n+l {p)),
(ii) any set p 1 (I n (p)) is a union of at most k(p) MSIs, (iii) lim t n (p) = oo where n->oo 7n{p) := max {c(p \ J) : J is an interval and J C p _1 (/ n (p))} , for every n G N. We notice that C Q. Furthermore, if p G D<£ then we may assume that k(p) = c(p). Set Jn = [min {ln Up _1 (7n)) , max (ln Up _1 (/n))], n G N. Then, from (5.1) and from the definition of the permutations <f>3, s G S, we deduce that for every s G S and n G M the following conditions hold true:
(1) <f>s(Js(n)) ~ JS(n)> (2) the restriction to the open interval (max Js(n), min Js(n+i)) of 4>s is either the identity function or the empty function, (3) and if p G then the set (f)~l(K) is a union of at most 2c(p~1) MSIs, for any subinterval K of the interval Js(n).
Hence, we get c{<f)~l) < 4c(jp~l) +1 for all s G S whenever p G SC. This yields, by (iii), that Cl(p) C DC whenever p G Let s,t G S, s = (s(n)}, t = {i(n)} and s ^ t. We show that the permutations <j>s and fa are incomparable.
By the conditions (5.2) and (2) there exists m G N such that the reoo striction to the set |J It (n) 4>s is the identity function and that the n=m oo restriction to the set |J /,(") of is also the identity function. On the n=m other hand, by (iii), for any sufficiently large n G N there exist two intervals Ln C p~1(Is(n)) and Kn C p~l{It(n)) and two increasing sequences of positive integers and such that and a n = [a¡ n) : i = 1,2,..., 2(7 s(n) -1 Finally, since for each s G S there exist infinite many positive integers n G N such that the restriction to the interval In of 4>s is the identity function, the strict inclusion XXíO c XX<As) follows immediately from the condition (iii) and from Corollary 3.4.
•
